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Abstract 

In this work we study the effect of time-space non-commutativity 
on the hydrogen atom. Our goal is to solve the Dirac equation for 
the coulomb potential in a non-commutative time-space up to first 
order in the non-commutativity parameter using the Seiberg-Witten 
maps and the Moyal product. We thus find the non-commutative 
modification of the energy levels of hydrogen atom and show that the 
non-commutativity is the source of magnetic moment. Comparing 
the results with experimental values from spectroscopy, we get the 
bound on non-commutativity parameter at the level of (0.1 TeV)^^. 
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1 Introduction 

The standard concept of space-time as a geometric manifold is based on the 
notion of a manifold whose points are locally labelled by a finite number of 
real coordinates. However, it is generally believed that this picture of space- 
time as a manifold should break down at very short distances of the order of 
the Planck length. This implies that the mathematical concepts of high energy 
physics has to be changed or more precisely our classical geometric concepts 
may not be well suited for the description of physical phenomenon at short 
distances [I] . The connection between string theory and the non-commutativity 
[21 El HI [5] motivated a large amount of work to study and understand many 
physical phenomenon. The study of this geometry has raised new physical 
consequences and thus, recently, a non-commutative description of quantum 
mechanics has stimulated a large amount of research [6l [3 HI [9l [TOl [11] . The 
non-commutative field theory is characterised by the commutation relations 
between the position coordinates themselves; namely: 



where are the coordinate operators and are the non-commutativity 
parameters of dimension of area that signify the smallest area in space that can 
be probed in principle. The Groenewald-Moyal star product of two fields / [x) 
and g {x) is given by: 



The issue of time-space non-commutativity is worth pursuing on its own 
right because of its deep connection with such fundamental notions as unitarity 
and causality. Much attention has been devoted in recent times to circumvent 
these difficulties in formulating theories with 6°' ^ [HI [T31 El [Hj . There are 
similar examples of theories with time-space non-commutativity in the literature 
[TBI [T71 [T5] where unitarity is preserved by a perturbative approach [H] . 

The most obvious natural phenomena to use in hunting for non-commutative 
effects are simple quantum mechanics systems, such as the hydrogen atom [20l 
[2T1 [22] . In the non-commutative time-space one expects the degeneracy of the 
initial spectral line to be lifted, thus one may say that non-commutativity plays 
the role of spin and magnetic field. 

In a previous work [531 [23], by solving the deformed Klein-Gordon and Dirac 
equations in canonical non-commutative space, we showed that the energy is 
shifted, where the correction is proportional to the magnetic quantum number, 
which behavior is similar to the Zeeman effect as applied to a system without 
spin in a magnetic field, thus we explicitly accounted for spin effects in this 
space. 

The purpose of this paper is to study the extension of the Dirac field in 
canonical non-commutative time-space by applying the result obtained to a 
hydrogen atom. 




(1) 
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This paper is organized as follows. In section 2 we propose an invariant action 
of the non-commutative Dirac field in the presence of an electromagnetic field. 
In section 3, using the generalised Euler-Lagrange field equation, we derive the 
deformed Dirac equation. In section 4, we apply these results to the hydrogen 
atom, and by the use of the perturbation theory, we solve the deformed Dirac 
equation and obtain the non-commutative modification of the energy levels. 
Finally, in section 5, we draw our conclusions. 



2 Seiberg-Witten maps 

Here we look for a mapping (j) and A — > A (A, A^), where (f> — (A^, ijj) is 
a generic field, and ip are the gauge field and spinor respectively (the Greek 
and Latin indices denote curved and tangent space-time respectively), and A is 
the U(l) gauge Lie-valued infinitesimal transformation parameter, such that: 

0^ (A) + h^4>^ {A) ^f{A + 5xA) , (3) 

where 5\ is the ordinary gauge transformation and 5^^ is a non-commutative 
gauge transformation which are defined by: 

5jxjj = iX* ip, Sxip = iXip, (4) 



'A 

S^^Afj, = dfj,X + i 



A, A„ 



SxA^ = d^X. (5) 



Now in accordance with the general method of gauge theories, in the non- 
commutative space, using these transformations one can get at second order in 
the non-commutative parameter Q^'^ (or equivalently 8) the following Seiberg- 
Witten maps [I]: 

^ + Qij^ + O (e^) , (6) 
A = A + eAi(A,A^) + C)(e2), (7) 
A^ = A^ + QA\ {A^) + O (e^) , (8) 
F,^ = F,^ {A^) + QFl^ {A^) -f O (6^) , (9) 



where 



(10) 



and 



X^{X,A) = Q^'^dc.XAp, (11) 
A\{A) = ]^Q^PA^{d^Ap-2dpA;), (12) 
Fl{A) = -6"^ (A„a^F^^ + F^„F^5) , (13) 



i^M- = ^^.A, - d,A^. (14) 
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To begin, we consider an action for a non-commutative Dirac field in the 
presence of an electrodynamic gauge field in a non-commutative space-time. 
We can write: 

S = j d^x(^* {il^D, - m) * V- - \Ft.. * F^^"^ , (15) 

where the gauge covariant derivative is defined as: Z?^ = 9^ + ieA^,. 

Next we use the generic-field infinitesimal transformations ^ and ^ and 
the star-product tensor relations to prove that the action in eq. (|15p is invariant. 
By varying the scalar density under the gauge transformation and from the 
generalised field equation and the Noether theorem we obtain [2F: 

^ - 9^^^^ + 9^9. + o (e^) = 0. (16) 

3 Non- commutative time-space Dirac equation 
for a Coulomb potential 

In this section we study the Dirac equation for a Coulomb interaction (— e/r) 
in the free non-commutative time-space. This means that we will deal with 
solutions of the U(l) gauge-free non-commutative field equations [26]. For this 
we use the modified field equations in eq. ([T6| and the generic field in eq. 
([5]), to obtain the free non-commutative field equation: 

= 0. (17) 

Using the Seiberg-Witten maps ([S])-® and the choice ([T7| , we can obtain the 
following deformed Coulomb potential \T\\ : 

ao = -^-^e"%, + o(e2), (18) 
a, = ^e'^x, + o (e^) . (19) 

Using the modified field equations in eq. and the generic field so that: 

(Jj^V' = * V-, (20) 

the modified Dirac equation in a non-commutative time-space in the presence 
of the vector potential Afi_ up to the first order of Q can be cast into: 

{i-i^'df, - to) ^ - 67'' - 67''4V- + ^e*^7^c',A^9,i^ = 0. (21) 

For a non-commutative time-space — 0, where j,j = 1,2,3 (we do not 
consider a non-commutative space-space B-'* 7^ 0), in this case it is easy to check 



A^',F„ 
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that: 

^7^9^ - m = i-f"da + i-f'di - to, (22) 
-e7^4 = ^/ + ^7°e°^x„ (23) 

'^e^^j^d,A,d, = -^^J^^^^o. (24) 

Then the non-commutative Dirac equation (piT) up to O (6^) takes the following 
form: 



p2 4 2 oOj- . 

Z7''5o + ifd, - TO + -7° + ^7°e"^x, - z^7oll^ao 



V'(t,r,0,v5) =0. 

(25) 



We can write this equation as: 

Hi;{t,r,0,ip)^idoi^{t,r,0,ip). (26) 

Then replacing: 

{t, r, 0, 99) = exp i-iEt) ^ (r, 0, ip) , (27) 
gives the stationary non-commutative Dirac equation: 

where E is the ordinary energy of the electron and H is the non-commutative 
Hamiltonian of the form: 

where Hq is the relativistic hydrogen atom Hamiltonian: 



Ha=d 



2 



-i^W/3TO-— , (29) 
/ r 



and Hp^^.^ is the leading-order perturbation: 

Ker.-{E-'^y^^. (30) 

The leading long-distance part of H^^^.^ behaves like that of a magnetic dipole 
potential where the non-commutativity plays the role of magnetic moment. In 
the above the matrices ~cx and /3 are given by: 



/5 = 



/ \ , _ f a' 

-I r ^ ~ [ a' 



where tr' are the Pauli matrices: 



1 \ ^2 / -^ \ 3/10 

10' " ^( t h " ^( -1 
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To investigate the modification of the energy levels by eq. (PO)) . we use the 
first-order perturbation theory, where, by restoring the constants c and H, the 
spectrum of Hq and the corresponding wave functions are well known and given 
by (see [IZl [Ml [2i [301 1311 131 133]): 

*<^'«->^(*m:S)^(»So;';;!:::!). (-) 

where the bi-spinors Qjim {0, (p) are defined by: 



V 2j + (l±l) i^J±l/2,M+l/2 yP-, W 

with the radial functions / (r) and g (r) given as: 



f (r) \ ( mc\'^ 1 / hc{EK — mc'^v)n\ ^ 

girrL^V (x) + g^Ll^'Ux) 
where the ordinary relativistic energy levels are given by: 



(33) 



E ^ E^, ^ ^£t±^^, n = 0,l,2... (34) 

and L" (x) are the associated Laguerre polynomials [351, with the following 
notations: 

a = {mc^)^ — E'^, >c=±(j + -\, v — \/ — , 

J. aa . a{>c- 1^) 

Ji = -g , J2 = x-'^, 91^— , 92 = ^^ a, 

-^K—v -^K — mv he 



X — — \j (mc^)^ — E"^ r. 
he * 

In the above m is the mass of the electron and a is the fine structure constant. 



3.1 Non-commutative corrections to the energy 

Now to obtain the modification to the energy levels as a result of the terms 
pop due to the non-commutativity of time-space, we use perturbation theory 
up to the first order. With respect the selection rule A/ = and choosing the 
coordinate system {t,r,9,(p) so that Q^^ — —Q^^ = 8(5°^, we have: 

A£^!^^-Ai?i^)+Ai?S, (35) 
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where: 



(1) 

n.l 



771 f4:7T 

he 



drr 



(36) 



and 



(2) 



e 

o4 



df7 







where 



>c (2Ex — mc^) 
[mc^)^ av {Av^ — 1) 



fmc 



3Ek [Ex - mc^) - (mc^)^ (ly^ - l) 
(mc2)2 ^(4z/2_l) (1.2 „i) 



(37) 

(38) 
(39) 



From equation p5l) we obtain the modified energy level in non-commutative 
space-time to the first order of 9 as: 



\hcJ j/(4z/2-l) 
'2 {2E> 



Ex 



3 {E} 



(i.2 - 1) 



(mc^)" 



e. (40) 



Nlf 



are A/ = 



The selection rules for transitions between levels (^Nlj^ 
and AM = 0, ±1, where N ^ n + \x\ describes the principal quantum number. 
The 2Pi/2 and 2P3/2 levels correspond respectively to: 



(n=l,j = l/2,><=l,M = ±l/2) 



and 



{n = 0,j = 3/2,>< = 2,M = ±1/2, ±3/2). 
From eqs. (liTj) . and pOI) we can write: 

A£:2p^^^ = 7.63637 x 10""e (MeV)\ 
AE2P.,.^ = 1. 27287 x lO^^^e (MeV)^ . 



(41) 
(42) 

(43) 
(44) 



According to ref. [34] the current theoretical accuracy on the 2P Lamb shift is 
about 0.08 kHz. From the splitting (|43]) and (jM]), we get the bound: 



e < (0.1 TeV)" 



or 6* < (0.09TeV)" 



(45) 
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Restoring the constants c and h in eq. (j45l) we write the bound on the non- 
commutativity parameter as: 

e < 1.1 X 10-3 V^. (46) 

It is interesting that the value of the upper bound on the time-space non- 
commutativity parameter as derived here is better than the results of refs. (THl 
[201 ISS] • This value is only in the sense of an upper bound and not the value of 
the parameter itself, which is close to the minimum scale compatible with the 
quantum mechanical approach of about IQ-'^'^m^. 

4 Conclusions 

In this work we proposed an invariant non-commutative action for a Dirac 
particle under the generalised infinitesimal gauge transformations. Using the 
Seiberg-Witten maps and the Moyal product, we derived the modified Dirac 
equation for a Coulomb potential to the first order of and we showed that 
the non-commutativity plays the role of magnetic moment. Using perturbation- 
theory methods to first order, we derived the non-commutative corrections to 
the energy levels and the lamb-shift was induced. We derived a new bound on 
the time-space non-commutative parameter around (0.1TeV)~^. 
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